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The problem described in the introduction is solved in its complete generality. 
Some general formulae are deduced concerning non-increasing sequences of II 
integers between 0 and II inclusive. The connections with the combinatorial 
marriage problem are discussed. 
1. INTRODUCTION 
This problem was proposed by Professor P. Beach, who was considering 
the situation which it describes as an initial theoretical model of a market, 
and it was communicated to me by Professor M. A. Stephens. In its 
original form it is the following: n sellers in a market are selling goods 
priced at &l, &2,..., En, respectively (each selling at just one price); 
II buyers enter the market, who are prepared to pay anything up to 
&l, &2,..., En, respectively, and they arrange themselves at random opposite 
the sellers, each buyer opposite one seller. If the amount that a buyer is 
prepared to pay is greater than or equal to the price which the seller 
opposite him is demanding, then a deal takes place; otherwise no deal 
takes place. What is the probability that exactly m deals occur, for each nr 
(0 < ?H ,( n); or, to put the problem in purely combinatorial terms, in 
how many out of the n! possible permutations, in which the buyers may 
arrange themselves opposite the sellers, do exactly FH deals take place ? 
Clearly the problem can be generalized to the situation in which the 
sellers’ prices are any n arbitrary sums, and similarly for the buyers’ offers, 
and it is this more general problem which is solved in Section 2 below. 
The solution of Beach’s original problem, and the symmetry of the solution 
of the more general problem, are discussed in Section 3. In Section 4 
* The research reported herein has been sponsored in part by the United States 
Government. 
Throughout the paper the symbol : = or = : indicates that the equation in which 
it occurs acts as the definition of (some part of) the expression on the same side of the 
equality sign as the colon. The symbol 1 denotes the end (or absence) of a proof. 
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some equalities are proved concerning non-increasing sequences of n 
integers between 0 and n inclusive, by the use of the formulae for the 
cases m = 0 and m = n of the market problem. In Section 5 the con- 
nections between the market problem and other special cases of the 
combinatorial marriage problem are discussed. 
My approach to the problem here is purely combinatorial throughout. 
The economic applications of the problem do not in fact require a complete 
combinatorial solution, since in many cases the recurrence relations 
obtained are sufficient to enable the required moments of the distribution 
to be calculated. It is hoped that a discussion by Professor Stephens of the 
economic applications of the problem will be submitted shortly for 
publication elsewhere. 
2. THE GENERAL SOLUTION 
Let the n sellers be xi , x2 ,..., x, and the n buyers y, , yz ,..., y, . Let ai 
be the number of the buyers with whom xi can trade, and suppose without 
loss of generality that the ai are in non-increasing order, so that aiel 3 ai 
for each i (2 < i < n). It is clear that the numbers ai completely determine 
the number of permutations of the buyers giving m deals, and that the 
actual prices asked or offers made are irrelevant to the problem. So let 
dm, n; 4 , a2 ,..., a,) be the number of permutations of y, , y, ,..., yn 
opposite x1, x2 ,..., x, giving rise to exactly m deals, for any integer m, 
in the situation characterized by the numbers a,, u2 ,..., a,. (If m < 0 or 
m > n, clearly g(m, n; a, , u2 ,..., a,) = 0.) Let bi be the number of the 
sellers who can trade with yi , and suppose that the bi are in non-decreasing 
order. (In this case xj can trade with the lust uj of the y, , i.e., with 
Yn--a++1 9.e.2 Y ?l 7 and so can trade with yi if and only if i > n - uj + 1, 
uj > n -i + l.Thusbiisthenumberoftheajforwhichuj > n -i + 1.) 
In an obvious sense the sets of numbers (a, , u2 ,..., a,} and {b, , b, ,..., b,) 
are dual, since the terms of the problem do not change if the roles of the 
sellers and buyers are interchanged, and so clearly 
gh, n; al , a2 ,..., a,> = g(m, n; b, , L ,..., bd. (1) 
Now let ci := n - bnpi (0 < i < n - l), which is the number of the a, 
for which a, < n - (n - i) + 1 = i + 1, i.e., for which uj < i. (Thus 
u1 > i, u2 > i ,..., unmci > i, un--ci+Z , <i ,..., a, < i. So an-i < i if and only 
ifn-cci+l <n-ii,ci-I >i,ci>i.)ForO<i<n-ldefine 
di := ci - i, if ci > i, i.e., a-.Ci la?,\ % and 
di:=i+l-ua,-i, if ci < i, i.e., a,-, 2 i -I- 1. 
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We shall require the following lemma, which is a generalization of a 
recurrence relation for Beach’s original problem obtained by D. Sankoff 
(and communicated privately to Professor Stephens). We denote by x+ 
the positive part of x, i.e., x+ :=xifx>O,and:=Oifx,<O. 
LEMMA 1.1. 
g(m, n; al, a2 ,..., 4 = (4 + m) dm, n - 1; p1 ,..., P~-J 
+ (n - 4 - nz + l)g(m - 1, n - lip1 ,...,pn-J 
for all n > 2 and all integers m, where pi := (ai - l), (1 < i < n - 1). 
(Sankoff’s relation was the special case d, = 0 of this.) 
Proof. We denote by S(m, n; a,, a2 ,..., a,) the general situation in 
which the n buyers are paired off against the n sellers in such a way that 
exactly m deals are about to result. Clearly g(nz, n; a, , a, ,..., a,) is the 
number of such situations. 
Suppose first that c0 > 0, so that d, = co . Then, since b, = n - c,, , 
we have a, > 0, a2 > 0 ,..., unpcO > 0, an-eO+l = 0 ,..., a, = 0. So there 
are c,, of the xi , namely, x,++~ ,..., x, , who cannot trade with any of the 
buyers, even with yn , but y, can trade with all of x1 ,..., x,-,~. Thus, if 
i < n - CO, xi can trade with ai - 1 = pi of y, , y, ,..., y,-, , and 
if i 3 n - c0 + 1 then xi can trade with 0 = (ai - l), = pi of 
Yl 7 Y2 ?...Y Yn-1 . So a permutation of yr ,..., yndl opposite x1 ,..., x,-r 
such that exactly k deals are about to result is a situation 
W, n - 1;~~ ,..., pnel). (The existence of such a situation clearly implies 
k <n -c,,, since only the xi with I < i < n - c0 can trade at all.) 
Given any such situation, we can form from it a situation of the form 
Xi, n; 4, a2 ,..., a,), wherej = k + 1 or k, by any one of the following 
methods. 
(a) Pair off x, and y, , leaving the other pairings unaltered. Since x, 
and y,, cannot trade, the number of impending deals is unaltered, giving a 
situation S(k, n; a, ,..., a,). 
(b) Pair off yn and xi for some i (n - c,, + 1 ,( i < n - l), and pair 
off x, with the yj previously opposite xi , leaving the other pairings un- 
altered. Since neither x, nor xi can trade with any of the buyers, this again 
leaves the number of deals unaltered, giving a situation S(k, n; a, ,..., a,). 
This occurs for precisely c,, - 1 choices of xi . 
(c) Pair off yn and xi for some i (1 < i < n - c,), and as before pair 
off x, with the yj previously opposite xi, leaving the other pairings 
unaltered. In this case xi can do a trade (since y, can trade with any of 
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x1 ,..., x,+~,) but x, cannot (since he cannot trade with anyone). So, if xi 
was about to do a trade before, in the situation S(k, n - 1; p1 ,..., pn-r), 
then the number of trades is again unaltered, and the new situation is an 
S(k, n; a, ,..., a,). This clearly occurs for k out of the n - c0 possible 
choices of xi (since only the xi with 1 < i < n - c,, can trade at all). 
If, on the other hand, xi was not about to do a trade, then the new situation 
is an S(k + 1, n; a, ,..., a,), and this occurs for the remaining n - c,, - k 
possible choices of xi . 
Thus, taking all of the above methods together, each S(rn, II - I; 
p1 >...3 pnwl) gives rise to exactly 1 t (cO - 1) + in = cg + /n situa- 
tions S(m, n; a, ,..., a,) in this way (writing m for k), and each 
S(m - I, n - l;p, ,...) p,-J (whose existence implies nz - 1 < II - cO, 
I1 - cg - nz $- 1 > 0) to exactly n - c0 - m + 1 situations S(nz, n; 
a, ,..., a,) (writing nr for k + 1). Moreover, it is clear that each 
S(m, n; a, ,..., a,) is obtained from exactly one S(i, n - 1; p1 ,..., JJ+~) in 
this way, for some i equal to m or m - I. Hence the result is proved in 
this case. 
Now suppose c,, = 0, so that d,, = 1 - a, . In this case 6, = n and 
ai > 0 for all i (1 < i < n). x, can deal with JJ~-~,+~ ,.. ., y, , so any of these 
yj can deal with any xi . (The existence of an S(k, n - 1; p1 ,..., pnpl) thus 
implies k > a, - 1, since ~+~,+r ,..., yn-r must be able to trade.) We 
carry out the same argument as before, but working with x, instead of 
with ylz . Given a situation S(k, n - l;p, ,...,P+& the possibilities are 
then the following: 
(a) Pair off x, and yn to give an S(k + 1, n; a, ,..., a,) (since x, and y, 
can now deal with each other). 
(b) Pair off x, and yi for some i (n - a, + 1 < i < n - l), and pair 
off yn with the xj previously opposite yi , to give an S(k + 1, n; a, ,..., a,) 
(since yi and y, can both trade with anyone). This occurs for a, - 1 
choices of yi . 
(c) Pair off x,, and yi for some i (1 < i < n - a,), and pair off y, as 
before. y, now does a deal, but x, does not. This gives an 
S(k + 1, n; a, ,..., a,) for the n - 1 - k choices of yi in which yi was not 
about to do a deal, and an S(k, r?; a, ,..., a%) for the remaining 
(~-a,)-(~-1 -k)=l -aa,+kchoicesofyi. 
Thus each S(m, n - 1; p1 ,..., ~~-3 (whose existence implies nz 3 a, - 1, 
1 - a, + m 2 0) gives rise to exactly (1 - a,) + m situations 
S(m, n; a, ,..., an), and each situation S(m - 1, n - l;p, ,...,P+J to exactly 
1 + (a, - 1) + (n - 1 - (m - 1)) = 12 - (1 - a,) - m + 1 
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situations S(m, n; a, ,..., a,), and as before each S(m, n; a, ,..., a,) is 
obtained exactly once in this way. This proves the result. We may note in 
passing that the result holds for all integer values of m, even if m > n or 
m < 0 when g(m, n; a, ,..., a,) is clearly zero. m 
One final remark is needed before we prove the main theorem. If we 
define, for the distribution p1 ,..., plaml , numbers ci’ and di’ in the same way 
as we defined ci and di above for the distribution a, ,..., a, , then we have 
dj’ = d,,, for all i (0 < i < n - 2). For cir is the number of the pj for 
which pj < i, which is the number of the aj (excluding a,) for which 
(Uj - l)., < i, i.e., aj - 1 < i (since i 3 0), i.e., aj < i + 1, and this 
= ci+1 - 1 if a, < i + 1, i.e., if c~+~ > 0, and = c~+~ = 0 if a, > i + I 
(since if a, > i -t 1 then all the ai are > i + 1). Thus ci’ = (ci+i - l), . 
Moreover ci’ > i if and only if c~+~ > i + 1 if i b 0, in which case 
I . 
Ci - 1 = Cj+l - (i + 1) (since ci‘ = c~+~ - 1 if ci’ > 0 or c~+~ > l), and 
cif < i if and only if pn-l-i > i, i.e., >i + 1, from the definition of ci’ 
directly (since p1 3 ... 3 pn-J, which in turn occurs if and only if 
(u,-,-~ - I)+ = a,-~+~) - I >, i + 1. Thus 
di’ = ci’ - i = c~+I - (i + 1) 
if ci’ > i, i.e., c~+~ > i + 1, and 
di’ = i + 1 - pnelei = i+ 1 - a,-(i+l) + I 
if ci’ < i, i.e., a,-(i+l) > (i + 1) + 1. So di’ = di+, as stated. 
THEOREM 1. 
dm, n; al,4 ,..., a,> = C (-l)i i, (” 7 ‘) z (4 + m - 9, 
for all n > 1 and all integers m. 
Proqf by induction on n. Suppose n = 1. Then clearly 
g(O,l;a,)=l,ifa,=O,c,=l>O,d,,=cO-1,and 
g(l, l;a,) = 1, ifa, = 1, c,, = 0 < 0, do = 0 + 1 -a, = 0; 
otherwise 
g(m, 1; a,) = 0. But the result of the theorem gives 
A+, 1; 4 = 0, if m < 0, 
= (4, + m) = 4 , ifm = 0, 
= (do + m) - 2(d, + m - 1) = 1 - d,, , if m = 1, and 
= (do + m) - 2(d,, + m - 1) + (do + m - 2) = 0, 
if m 3 2. 
s8zb/Io/3-7 
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So the result is true if n = 1. Suppose n > 1. Then, by Lemma 1.1, 
g(m, n; 49% >.**> %I 
= (do + 4 g(m n - l;p1 ,...,Pn-1) 
+ (n - do - m + l>g(m - 1,~ - l;p, . . . ..P+~) 
+(n-do-nl+l)~~‘(-l)‘(:)~~(d,+nt-i-l) 
i=O j=l 
by the inductive hypothesis, 
where 
and this is the required result. 1 
3. Two FURTHER REMARKS 
(i) Beach’s Original Problem 
This is to find g(m, n; n, n - l,..., l), and is clearly the special case when 
all the di are zero, since a,-i = i + 1 for all i. Theorem 1 thus gives 
g(m, n; n, n - l,..., 1) = mfl (- l)i (” ? ‘) (m - i)“, 
i=O 
=: G(m, n), say. 
This is a very common expression which, in its probability form 
f,(m - 1) := (l/n!) G(m, n), occurs in many different problems in proba- 
bility theory. For a brief discussion and further references see for example 
page 240 of Barton and Mallows [l]. I mention here further ways in which 
the purely combinatorial form G(m, n) arises. We write x,Ryj if xi can trade 
with yj , and x$yj otherwise. 
First, it follows from Theorem 1 with di = 1 for all i that G(m, n) = 
g(m - 1, n; n - 1, IZ - 2 ,..., 0). Alternatively, this result follows from a 
comparison of the situations S(m, n; n - l,..., 1) and S’(m - I, n; 
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n - I, n - 2,..., 0), since (in an obvious notation) XiRyi if and only if 
x,‘R’y;+, (1 < j < n - l), while xiRyn and Xi’#‘yl’ for all i (1 < i ,< n). 
Second, we may similarly compare the situations S(m, n; n, II - I,..., 1) 
and S’(n - m, n; n - 1, n - 2 ,..., 0), since x,Ryi if and only if 
x;-$‘Y~-~ (1 < i < n, 1 < j < n) (the former occurring when j 3 
II -(n - i + I) + 1 = i.thelatterwhenn -j < II - i + 1,j > i - 1). 
so 
G(m, n) = g(n - m, n; n - I, n - 2 ,..., 0) 
= g(n + 1 - m, n; n, n - l,..., 1) 
by the first remark above. (This incidentally proves the well known but 
by no means obvious result G(m, n) = G(n + 1 - m, n).) Finally-an 
apparently unrelated occurrence of G(m, n)-G(m, n) is the number of 
permutations of the first n natural numbers (or of any n distinct real 
numbers) such that precisely m - 1 of the numbers are greater than their 
immediate predecessors. Thus G(m, n) is the number of permutations p of 
the numbers 1, 2,..., n such that 
(a) for exactly m of the i, p(i) > i; 
(b) for exactly m-l of the i, p(i) > i; 
(c) for exactly n-m of the i, p(i) > i, so 
for exactly m of the i, p(i) < i; 
(d) for exactly n + 1 - m of the i, p(i) 3 i, so 
for exactly m - 1 of the i, p(i) < i; and finally 
(e) for exactly m--l of the i, p(i) > p(i - 1). 
We have seen that there exist natural 1-l correspondences between the 
various permutations for which (a), (b), (c), and (d) are true, but I have 
not been able to find one connecting any of these with the permutations 
for which (e) holds, although it is possible to prove that the problems all 
have the same solution by obtaining for each of them the recurrence 
relation 
G(m, n) = mG(m, n - 1) + (n - m + 1) G(m - 1, n - 1). 
Dr I. Anderson has pointed out the following interpretation of Beach’s 
problem, which relies on the fact that any permutation can be factored 
into cycles. If n people, all of whose ages are different, are seated at 
random in circles, then G(m, n)/n ! is the probability that exactly m people 
are not younger than the people immediately on their left. We have seen 
in (e) above that, if they are seated at random in a line, then G(m, n)/n! 
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is the probability that the same statement is true. The problem is thus to 
find a 1-l correspondence between the permutations in these two situations. 
This is still basically a problem on permutations. The corresponding but 
wider problem of finding 1-l correspondences in the probability case is 
mentioned by Barton and Mallows [AX. cit.], but so far as I know remains 
unsolved. 
(ii) Symmetry 
The results in this subsection could be obtained by using a recurrence 
relation derived in a similar manner to that in Lemma 1.1, but in which x1 
and y1 are separated off instead of X, and y, . ffowever, it seems easier to 
use two entirely new reduction formulae, since they are comparatively 
simple. We denote by the circumflexion of a quantity its omission from a 
sequence. Then we have the following two rules: 
RULE P. 
g(m, n; al 




4 = C dmi , n - 1; PI ,..., $i ,., 
i=l 
0, and : = m - 1 otherwise, and p3 
‘., Pn>, 
= (ai - l)+ as 
dm, 12; 6 ,..., a,) = i g(mi’, n - 1; 41 ,..., Pi ,..., 4A 
i=l 
where 
mi’ : = m - 1 if ai = n, and : = nz otherwise, and 
qj := n - 1 if aj = n, and : = aj otherwise. 
The general term in the summand in Rule P is the number of permutations 
OfYl 3 Y2 ,..., ylz , giving rise to exactly m deals, in which y, is opposite xi , 
which is the number of permutations of y1 , y, ,..., yn-r opposite 
n x1 , x2 )...) xi ). ..) x, giving rise to exactly mi deals (since mi = m if y, 
cannot trade with xi , and = m - 1 if he can). Similarly in Rule Q the 
general term is the number of permutations of the required type in which y, 
is opposite xi (since qj is the number of y2 ,..., y, with whom xj can trade, 
and again mi’ = m if y, cannot trade with xi , and = m - 1 if he can). 
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These rules give immediately, for example, 
p n-1 
g(m, n; 72, n - l)...) 1) = c g(m - 1, II - 1; n - 1) I? - 2 ,...) i )...) 0) 
i=o 
2 g(m - 1, n; n - 1, n - 2 ,...) O), (2) 
a result which we have seen already. However, we can use Rules P and Q 
to obtain the following far more general result, which is by no means 
obvious from the explicit formula proved in Theorem 1: 
THEOREM 2. g(m, n; a, ?...,a,) = g(n - m, n; n - a, ,..., n - al). 
Proof by induction on n. As in the proof of Theorem 1, the result is 
obvious for n = 1. So suppose n > 1. Then 
= glg(n - 1 - mi, n - 1; n - 1 -pn ,..., II - ; -pi ,..., II - 1 -pr) 
by the induction hypothesis. But n - 1 - m, = (n - nr) - 1 if ai = 0 
(r~ - ai = n), and = n - m otherwise, and II - 1 - pj = n - 1 if 
aj = 0 (n - aj = n), and = n - Uj otherwise. SO the result follows by 
Rule Q. 1 
COROLLARY 2.1. 
g(m, 12; n, n - l,..., 1) = g(n - m, n; n - l,..., 1, 0), 
= g(n - m + 1, n; n, II - l,..., 1) by (2); 
that is, G(m, n) = G(n - IN + 1, IT), another result which we have seen 
already. 1 
4. SOME GENERAL FORMULAE 
In this section we obtain some very general formulae by finding different, 
though equivalent, expressions for the numbers of permutations of the 
buyers giving rise to no deals and n deals, respectively. 
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THEOREM 3. Let a, , a2 ,..., a, be any non-increasing sequence of n 
integers, n 3 a, 3 a2 3 1.. > a, > 0, and let cj be the number of the ai 
for which ai ,( j, for each j (0 < j < n - 1). Then 
(a) fi (n - ai - i + l), = ‘ifl (ci - i)+ , and 
i-1 i=O 
(b) fi (Q - n + i)+ = “ii’ (i + 1 - cJ+ . 
i=l i=O 
Proof. We first evaluate the number of permutations of the buyers 
giving rise to no deals. In this case x1 can be paired off with any of n - a, 
buyers. For each such pairing x2 can be paired off with any of (n - a, - l), 
buyers, the “- 1” representing the buyer already paired off with x1 . In a 
similar manner we see that xi can be paired off with any of 
(n - a, - i + l), buyers. So the total possible number of permutations is 
fJ (II - 4 - i + 11, . 
By a similar argument or by (I), bearing in mind that the ai form a non- 
increasing sequence and the bi a non-decreasing sequence, we see that this 
number is also equal to 
fi (n - L-i - i + l), = ns (n - bnpi - i)+ = nfil cci - i)+ , 
i=l 60 i=O 
which proves (a). (We could have obtained this result another way, since 
by Theorem 1 the number is fly:, di , and di = ci - i if Ci > i, and if 
ci < i for any i it is easy to see that there can be no permutations giving 
rise to no deals.) We may prove (b) in a similar manner by evaluating the 
number of permutations giving rise to n deals, but we can also obtain it 
from (a) by noting that c,-~, c,-~ ,..., c,, is a non-increasing sequence, and 
that an-i is the number of the cj such that cj < i. (For ci is the number of 
the ak such that a, < j, and so Cj < i means that at most i of the uk are 
< j, i.e., that CZ,-~ > j. But the number of j (0 < j < iz - 1) such that 
asPi > j is just a,_i .) If we note that the left-hand side of (a) can be re- 
written in the form 
fj G - G+l-i)+ 3 
and substitute c,-~ for ai and a,+ for Ci , we obtain immediately 
fi (i - ci-l)+ = fjl (a,-; _ i)+ , iSO 
which is an alternative way of writing (b). 1 
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THEOREM 4. The products in (a) above are also equal to 
$ fi (n - ai - id+ = if ij (ci - &‘I+ . 
i=o 
i#f) zi’n-j 
and those in (b) are equal to 
2, fi (ai - n + id+ = & E (ij’ - ci)+ , 
j=l is1 i=O 
i+, i#n-j 
ij := i tfi <j, and := i - 1 zj’i > j, 
i,’ := i tf i > n -j, and := i f I tfi < n -j, 
and the z:i represent ordinary summation except for ,four special cases in 
which we make the exceptional dejinitions: 
1, := 0 if c,-1 = II - 1, C, := 0 if a, = 1. 
ES:=0 if co= 1, and x4:=0 if a,=n- 1. 
Proof. If a, < n, so ai < n for all i, x1 arises from Rule Q with 
m = mi = 0 for all i (for we proved in Theorem 3 that the products in (a) 
are equal to g(0, n: a, ,..., a,)). The general term in the summand of 
C,isjustg(O,n-l;q, ,..., dj ,..., q,);forq,=aisinceai<n(l<i<n), 
and the purpose of the definition of ij is simply to make ai the i,-th term 
of the sequence a, ,..., 6, ,..., a, . If on the other hand a, = n, the left-hand 
side of (a) is zero, and x1 is zero (since every product in the summand 
includes a term (n - n - ij)+ , =0) unless a, is the only ai which =n, 
in which case the term j = I in x1 may give a non-zero contribution. This 
situation arises when c,-r = n - 1. by the definition of the cj , and this is 
when we need the exceptional definition of zI . IS may be proved equal 
to the left-hand side of(b) by a similar application of Rule P. x:p is obtained 
from ES, and x4 from C1, by the substitution of Theorem 3 (c,_+ for a, 
and a,-< for ci) which enables us to pass from (a) to (b) and vice versa, 
and by then writing n - i for i. 1 
Before proving the third set of formulae, we note the following lemma, 
a much more general version of which is proved on page 18 of Ryser [4]: 
LEMMA 5.1. Let X := {xl, x2 ,..., x,} and Y := (yl ,yz ,...,ya} be 
n-sets (i.e., sets of n elements), and let R be a perfectly general relation such 
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that for each xi and yj either x,Ryj or xi#yj . Let g(m, n) be the number of 
permutations qf the yj opposite the xi such that exactly m pairs of opposing 
elements are matched, i.e., related by R. Let W(r) (1 < r < n) be the sum, 
taken over all r-subsets X, of X, of the number of permutations of the yi 
opposite the xi such that all r elements of X, are matched, and let W(0) : = n!. 
Then 
g(m, n) = f (- l>j-Vl f;) W(j). 1 
j=m 
THEOREM 5. The products in (a) above are equal to 
and those in (b) are equal to 
where xi denotes summation over all j-subsets {ak, , aiiz ,..., ak,} of 
h , a2 ,..., a,} (k, < k, < ... < kj). 
Proof. We note first, by the argument of Theorem 3, that, given a 
j-subset {xlc, ,..., xkj} of {x1 ,..., x,} (k, < k, < ... < k,), the number of 
permutations of the buyers opposite the sellers such that none of these j 
sellers can trade is 
(n -j)! 8Q (n - a+ - i + l), , 
and the number such that all of these j sellers can trade is 
(12 - .i)! fJ (ak, - .i + i)+ . 
(To obtain this second result take the xki in the reverse order-i.e., find 
the number of buyers with whom xkj can trade first, and deal with xR1 last.) 
The first of the formulae of the theorem now follows by the application of 
Lemma 5.1 with nz = 0 to the relation R defined on the sets of sellers and 
buyers by: xiRyi if and only if xi and yj can trade. The second is obtained 
by a similar application, also with m = 0, to the complementary relation R’ 
defined by: xiR’y, if and only if X,Ryj . 1 
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5. CONNECTION WITH THE MARRIAGE PROBLEM 
It is clear that the market problem is closely related to the combinatorial 
marriage problem (for an account of which see for example page 525 
of Mirsky and Perfect [3]). In fact the problem of determining 
gh n; 6 3 a2 ,..., a,) is exactly the marriage problem, while the more 
general problem of finding g(m, n; a,, a2 ,..., a,) may be regarded as the 
problem of determining in how many ways one can choose a collection of m 
representatives and n - m non-representatives of a system of n subsets of 
a set of n elements. It is clear, however, that the relation R occurring in 
the market problem is a very restricted one, which enables the problem 
to be solved explicitly in its complete generality. It is not the only such 
relation, although possibly it is the most general one, and 1 conclude with 
a brief mention of two others: 
First, suppose that X<Ryj if and only if i = j (1 < i < 11, 1 <.j < n). 
Then Lemma 5.1 gives 
(See for example page 23 of Ryser [4].) If ~12 = 0, g(0, n) is simply the 
number of derangements of n objects. 
The second case is the relation R such that x,Ryj if and only if i = j 
(1 <i<n),i=j-l(1 <i<n-l),ori=nandj=l.Inthiscase 
an elegant argument of Kaplansky ([2], quoted on page 33 of Ryser [4]), 
using a more general form of Lemma 5.1, gives 
g(m, n) = f (-iy- (1) ss (2n T i) (n - i)!. 
i==m 
In this case the numbers g(0, n) are simply the menage numbers. 
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